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Abstract
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the LVI and some share of aggregate output. The welfare of agents is a decreasing function of the lack of
consumption smoothing achievable, measured by the distance of the LVI from the perpetuity of one unit of
income for ever. If in addition the economy has a Markov structure, the LVI, and hence the equilibrium,
can be calculated by dynamic programming. When the model is calibrated to US data a striking prediction
emerges: the quasi-irrelevance of the bond market. Infinitely-lived agents achieve almost all their desired
consumption smoothing by applying carryover strategies to equity, the proportion of agents’ portfolios in
bonds rarely exceeding 3%.
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1. Introduction

1. Introduction

The Capital Asset Pricing Model (CAPM) provides insight into the two basic components of a
financial market equilibrium, the prices of the securities and the consumption streams of the agents.
The well-known CAPM formula explains the logic underlying the equilibrium pricing of securities by
asserting that the risk premium on a security depends on the covariance of its payoff with aggregate
output, while the two-fund separation theorem exhibits the form of agents’ equilibrium consumption
streams and portfolios, asserting that the consumption stream of each agent can expressed as some
share of aggregate output and some multiple of the payoff of the riskless bond. Most of the research
on extending CAPM to a multiperiod and continuous-time framework (Rubinstein [30], Breeden [2],
Duffie-Zame [9]) has focused on generalizing the pricing formula, showing that it can be extended to
a sequence of per-period formulae linking the per-period risk premium of a security to the covariance
of its returns with increments of aggregate consumption, the so-called CCAPM formula. Much less
attention has been devoted to the structure of agents’ intertemporal consumption streams and
portfolios: one of the objectives of this paper is to provide the appropriate generalization of the
two-fund separation theorem for a discrete-time economy over an infinite horizon.

The key hypothesis of the CAPM model is that the first and second moments of the random
variables are all that matters to agents in an equilibrium. As is well known, there are two ways
of achieving such a result: the first is to restrict preference orderings to mean-variance prefer-
ences, with no restriction on the stochastic nature of agents’ endowments or the security returns;
the second is to restrict endowments and security returns to be normally distributed or, in the
continuous-time case, to follow an Ito process (Duffie-Zame! [9]) with no (or only mild) restrictions
on agents’ preferences. In this paper we adopt the first approach, assuming that preference order-
ings can be represented by expected discounted quadratic utility functions. The other assumption
required to obtain the CAPM result in the two-period (or static) model is that the endowments of
agents lie in the span of the market (see Duffie [8] or Magill-Quinzii [26]): this is the second hy-
pothesis that we also adopt in the intertemporal model. This assumption, while strong, is a natural
assumption to make when the objective is to study the equity and bond markets—the traditional
focus of the CAPM model—for it asserts that the individual risks of the agents are those that arise
from their ownership shares of firms and the equity markets permit these risks to be shared among
agents. This assumption is less restrictive than the assumption that markets are complete, since it

does not guarantee that a risk-averse agent can obtain a constant consumption stream by trading

!Their framework requires the additional hypothesis that the financial markets are complete and that agents have
expected utility preferences.
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on the markets. As we shall see, this inability to acheive perfect consumption smoothing will play
an important role in the analysis that follows.

The technique that we use builds on the Hilbert space approach that we used in Magill-Quinzii
[26], [28] for analyzing two-period financial market equilibria. Hilbert space techniques were intro-
duced by Chamberlain [3], [4] to study arbitrage pricing theory (see also Gilles-LeRoy [12]) and
were used by Duffie [7], [8] to obtain short proofs of the properties of the two-period CAPM model.
In this paper we exploit the fact that expected discounted quadratic utilities induce a natural met-
ric on the space of income streams, in which each node is weighted by its discounted probability.
When endowed with this metric, the space of income streams is a Hilbert space and an agent’s
utility can be expressed as a loss function from an ideal constant consumption stream.

The key step in finding an equilibrium of the infinite-horizon model lies in finding the income
stream obtained by trading on the financial markets which best approximates perfect consumption
smoothing: this is the stream which lies closest in the above metric to the constant annuity of
one unit of income for ever, and we call it the least variable income stream (LVI) in the marketed
subspace. We show that the structure of equilibrium is such that at the equilibrium agents have
diversified their individual risks and only have to resolve a trade-off between consumption smoothing
(achievable by holding the LVI) and holding some share of aggregate output (which defines the
aggregate risk of the economy). Risk-averse agents choose a high component on the LVI and
hold only a small share of aggregate output: such agents favor a high degree of intertemporal
consumption smoothing. Risk-tolerant agents, by contrast, choose leveraged portfolios and carry a
larger share of the aggregate risks: their consumption is higher on average but also more variable.
The incompleteness of the market is measured by the lack of consumption smoothing achievable
on the financial markets—namely the distance of the LVI from the constant annuity of one unit of
income for ever— and the utility of agents at equilibrium can be expressed in terms of this distance:
the greater the incompleteness of the markets, the smaller the equilibrium welfare of the agents.

To complete the characterization of equilibrium, the LVI has to be found. Explicitly calculating
the dynamic portfolio strategy which minimizes the infinite sum of deviations from the constant
stream 1 for ever is a tractable problem only if the economy has a recursive structure. Thus in
Section 3 we add the assumption that the uncertainty which drives the basic endowment processes
and the payoffs of the securities has a Markovian structure. Using dynamic programming argu-
ments we show that the rule which underlies the porfolio strategy for the LVI is a state-dependent
autoregressive process: while this rule is rather complex when there are many securities, the basic

underlying principle is to combine carryover strategies—namely depleting the holding of a security
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in “bad ” states and augmenting the stock in “good” states—and hedging strategies—holding offset-
ting long and short positions in securities whose payoffs are positively correlated. While the use of
hedging strategies (and diversification) is the typical way of achieving consumption smoothing in a
two-period setting, carryover strategies constitute the new instrument that can be used when there
is a long horizon: these are powerful strategies which permit significant consumption smoothing
with very few securities when an agent is faced with stationary risks.

Since we obtain an explicit closed-form solution for the equilibrium, it is natural to study the
performance of the model when calibrated to postwar data for the US economy?. We examine the
equity-bond composition of agents’ portfolios generated by the model. A striking prediction emerges
which may perhaps best be called the quasi-irrelevance of the bond market: for in an economy with
growth and inflation in which agents are infinitely lived and face stationary risks, most of the
desired consumption smoothing can be achieved using carryover strategies on equity, with trading
in bonds providing only minor improvements in welfare. The general form of the trading strategy
used in the model by a risk-averse investor consists in holding a portfolio composed mainly of
equity, compensating for the low dividends in bad times by making marginal sales, while taking
advantage of the high dividends in good times to replenish the holdings of equity. Bonds are used
in offsettting strategies to provide additional consumption smoothing: with a single bond, the bond
is purchased when equity is sold and conversely, and with two or more bonds hedging strategies are
employed with some bonds being sold short to exploit the positive correlation of the bonds payoffs
and prices. Although bonds are used as buffers, and do indeed provide additional consumption
smoothing, the remarkable feature is that the percentage of the value of the LVI portfolio invested
in bonds rarely exceeds 3%. Thus while the model gives firm support to one aspect of popular
investment lore, that agents seeking to participate in the long-run growth of the economy should
invest in the stock market, it firmly rejects the other popular maxim that risk-averse agents should
have a significant proportion of their portfolio invested in bonds.

Section 2 lays out the basic characteristics of the agents and the securities which are traded,
and derives the equilibrium of the associated infinite-horizon CAPM economy. Section 3 introduces

the assumption of Markov endowments and security payoffs and derives the value function which

2There are two differences between the calibration that we undertake in Section 4 and that undertaken in the recent
macroeconomic literature on calibration of models with incomplete markets (Huggett [17], Telmer [33], Lucas [22],
Heaton-Lucas [15], Den Haan [5], [6]). For the models considered in these papers have constant relative risk aversion
utility functions and individual risks, and for such models no closed form solutions are currently known, making the
computation of equilibrium a difficult problem: for our model computation of equilibrium is straightforward once the
form of the equilibrium is analytically derived. While their objective is to study how uninsurable individual risks
affect the interest rate or the equity premium, our objective is to study the structure of agents’ equilibrium portfolios
on the equity and bond markets.
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is minimized by the LVI: the associated first-order conditions define the portfolio strategies which
yield maximum income smoothing. Section 4 concludes with a study of the calibrated version of

the model.
2. Equilibrium of Infinite Horizon CAPM Economy

Consider a one-good endowment economy with a finite number I of infinitely-lived agents each
having a stochastic endowment stream. At each date the economy experiences one of a finite
number of shocks, s; € S ={1,...,S}, the shock sy being exogenously given and known at date 0.
Let oy = (so, ..., St) denote the history of the shocks up to date t: let ¥; =S x ... x S denote the
set of all such histories to date ¢ and let 3 = [J;2, X+ denote the collection of all such histories for
all dates. ¥ defines an event-tree: for any node o; € X, define the predecessor o, of o; and the set

o, of S immediate successors of oy by

O't_ = (8(), “e ,St_1>, O'E'_ = {(80, .. .,St,8t+1> ‘ St+1 S S}

Let p(o¢) > 0 denote the probability of node o, where p : ¥ — [0,1] is a map satisfying
p(oo) = 1, Y5,ex, pl0r) = 1 and p(oy) = Za'eaj p(d'). Let w® = (wi(at),o't € 2) and x* =
(iBi (ot), 01 € E) denote agent i’s stochastic endowment and consumption streams, w’(o;) denoting
the endowment at date ¢ if the history is oy: w" is non-negative and bounded i.e. there exists M; > 0
such that 0 < wi(at) < M; for all o € . Each agent is assumed to have a preference ordering
defined by an additively separable quadratic utility function

(1) wi(a?) = —% > 8t(or) (af —2i(0r))” i=1,...,1

NS>

Thus agents have common probability beliefs p(o;) and discount the future at the same rate § with
0 < 0 < 1. Quadratic utility functions induce a natural geometry on the space of income streams.
To see this, consider a numbering (a bijective map) n : ¥ — N of the nodes of the event-tree
to the integers, which respects the dates of the nodes i.e. which is such that 7(o¢) = 1, and if two
nodes oy and o, are such that ¢t > 7, then n(0¢) > n(o;). Let A denote the infinite diagonal matrix
whose nth diagonal element is A, = 6*p(0y) for the node oy such that 71(c;) = n and let R* denote

the vector space of all maps « : ¥ — R (i.e. the income streams defined on ¥). Define the space
8(2) = {z e R¥|2"Ax = > _8'p(ar) | 2(0) [°< oo }
o€

of all income streams which are square summable with respect to the metric A. Note that the

expression zT Az is written with the assumption that all vectors & € R> are expressed as sequences
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whose components are ordered by n. If for all z,y € EQA(Z) we define the inner product

[z,ylla = > &p(o)z(or)y(or)
otEX

with associated norm® || @ ||a= vZTAz, then <€2A(E), [[,]]A> is a Hilbert space. To permit
projection techniques of €2A(E) to be used to explicitly compute the equilibrium, we assume that the
consumption space is all of EQA(E): later we show how restrictions can be placed on the parameters
of the model to ensure that each agent i’ s consumption stream is non-negative and does not exceed
the ideal consumption level o’.

To smooth their consumption streams agents can trade J securities at each date. A security can
be short-lived, paying a dividend only in the next period (e.g. a one-period bond), long-lived with
a finite maturity (e.g. a k-period bond) or infinite-lived (e.g. an equity contract). To accommodate
these cases while always retaining the same fixed number J of tradeable securities, we adopt the
following approach: let h : {1,...,J} — {0,1,...,J} be a map which indicates that security j
at date t becomes security h(j) at date ¢ + 1, with h(j) = 0 if the security is short lived, and
h(j) = j if the security is infinite lived. For example if securities 1, ..., k are bonds with maturities
1,...,k, then h(1) =0, h(2) =1,..., h(k) = k — 1. In a standard model one unit of a long-lived
security j delivers one unit of security h(j) at date ¢ + 1. However, if the model is the reduced
form of a monetary model with the possibility of inflation and growth (as in Section 4) and if the
characteristics of the securities are to remain time invariant, then one unit of security j at date ¢t may
yield less than one unit of security h(j) at date t + 1. Let f7(0¢41), with 0 < f/(0y41) < 1, denote
the amount of security h(j) that security j traded at date-event oy delivers at node o1 € o :

then security j purchased for the price ¢/(o;) at date-event o; has the payoff

(2) Ri(o141) = d(0141) + [ (0041)0" (0441)
at the immediate successors 011 € 0;. We assume the sequence of dividends d/ = (d? (o), 0, € X)
lies in £5(%).

Let 2 (o) denote the number of units of security j purchased (if 2%(o¢) > 0) or sold (if z(o¢) < 0)
by agent ¢ at node oy. For any node which is not the initial node ¢ # 0, the budget equation of

agent ¢ is given by

J J
(3) ' (0y) — wi(oy) = ZRj(Ut)z;'(U;) - qu(0t>z§(‘7t)
j=1 J=1

3In the notation of stochastic processes used in finance and macroeconommics, [, y la = E(ZZO Stxiye) and
I z ||la= (E (Zzo 5t(mt)2))1/2. For simplicity in the analysis that follows we omit the subscript A on the inner
product and the norm.
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At date 0 we assume z; (09 ) =0, so that for ¢ = 0 the first term in (3) is absent. Since the model is
written under the assumption that there are no transactions costs, we use the standard convention
that at each date-event o; and for each security j, the position z} (0; ) taken at the predecessor is
closed out (sold) and a new amount z} (0¢) is purchased.

In order to write the budget equations in a more condensed form, consider the infinite matrix*
W constructed in the following way. The columns of W give for each node o; and for each security
j, the stream of income over the event-tree ¥ generated by purchasing one unit of security j at
node oy and selling it at each of the immediate successors o411 € O';r . Thus each of the columns of
the matrix correspond to each of the elements of ¥ x .J, while each row corresponds to a node of
Y, and the ordering of the columns and rows respects the ordering of the nodes given by n. The
column corresponding to security j traded at node oy has the entry —¢’(oy) in row n(oy) and the
entries R’ (0’) in rows 7i(0’) with ¢/ € o;: in every other row of this column the entry is zero. The
first J columns of the matrix correspond to the J securities traded at the initial node o (with
n(op) = 1), then comes the block of J columns corresponding to the J securities traded at the
node with number 2 (this is an immediate successor of op) and so on. Each column (o¢,j) of W
is a vector in £5*(X) which is orthogonal to all other columns (¢”, j') except those corresponding to
the node oy itself, its immediate predecessor and its immediate successors i.e. columns (¢”, j') with

o' =oyor o’ =0, oro’ €o;. Let
a=((¢"(a1);---,q" (o1)), 0 € B) € RZ*

denote the vector of security prices: the matrix constructed above depends on ¢ — when we want
to stress this dependence, we write W(q), and when it is not essential to do so, we use the simpler
notation W.

Let 2% = ((z{(at), ey 25(01)), 00 € 2) denote agent i’s portfolio strategy for the J secu-
rities across the event-tree . With this notation the budget equations of agent i can be written
as o' — w® = W(q)2z*. Some restriction must be placed on agent i’s portfolio strategy z¢, for oth-
erwise, regardless of the prices of the securities, agent i could always borrow so as to consume
the ideal consumption o’ at each node, postponing indefinitely the repayment of the debt. As
recent papers (Magill-Quinzii [25], [27], Levine-Zame [20], Hernandez-Santos [16]) have shown, in
an infinite-horizon GEI economy a no-Ponzi scheme condition is one of the key ingredients required
to ensure existence of an equilibrium. To eliminate Ponzi schemes it is sufficient to insist that the

strategies followed by agents be limits of strategies in which they repay their debt in finite time.

“This matrix was introduced in Magill-Quinzii ([26, section 20]) for a T-period economy and leads to substantial
simplifications in the analysis of the multiperiod finance model.
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Let (W(q)) denote the smallest closed subspace of £5(X) containing all finite linear combinations of
the columns of W (q). A trading strategy z* over the infinite horizon gives rise to an income stream
7" in (W(q)) if 7 is the limit in ¢5*(X) of the income streams obtained by following truncated
strategies 2! such that 2! (o;) = z(0¢) if ¢ < T and 2% (o) = 0 if ¢ > T. This leads to the following

transversality condition

2
f <o

(TR) lim Z(st o1) | R(o0)# (07 ) — a(ov)?' o—t\ + > 67p(0) |R(0)2(07)

oS
where Y7 denotes the set of all nodes at date T'. The budget set of agent ¢ over the infinite horizon
is thus defined by
zt — Wi = W(q)z*, ¢ € REXY }

B(q wt) =<zt € (= )
(2,0") { 2 (%) z* satisfies (T R)

Let u = (u',...,u!) and w = (w!,...,w!) denote the agents’ characteristics and let D =

(d',...,d’, fi,..., 7, h) denote the basic data on security payoffs, then &(u,w, D) will denote the

associated economy.

Definition. A financial market equilibrium of the economy £(u,w,D) is a pair of actions and

prices
(72,0 = (@,....3",2',...,5),q)
such that
(i) 3 = arg max {wi(e) | &' € B(q,w))} and 3 — ' = W(@)F, i=1,...,1

(i) Xig 2 =0
Finding Equilibrium by Projection. The subspace of income transfers
(W) = {7‘ € £5(Z) | T = Wz, 2 satisfies (TR)}

which agents can achieve by trading on the financial markets, will be called the market subspace.
Since (W) is a closed subspace, the space £5'(Z) can be decomposed into a direct sum of the
market subspace (W) and its orthogonal complement (W) ie. £2(Z) = (W) @ (W)L, (see
Dunford-Schwartz [10, p. 249]). Thus any income stream = € ¢5*(X) can be decomposed uniquely

as

(4) xz =z + & with z* € (W), & € (W)*
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Let Proj iy : EzA(E) — (W) denote the projection operator which assigns to any z in £5'(X) its
orthogonal projection z* onto (W). As is well-known, x* is the vector in the subspace (W) which

best approximates x in the sense that it lies closest to x in the metric induced by || ||
o' =argmin{|| z —y ||| y € (W)}
Note that agent ¢’s utility function can be written as
’ (i L i\T i i 1 i i2
(1) u(az):—g(al—az)A(al—az):—EHa 1—a' ||

where 1 = (1,1,...) € £5(Z) denotes the perpetual annuity of 1 unit of the good (income) for ever.
Thus the utility of the income stream 2’ is the loss induced by the (square) of the distance of x!
from the agent’s ideal consumption stream o'l.

Consider the maximum problem (i) of agent 4 in an equilibrium: the agent’s budget set B(q, w’)

is the translation of the market subspace which passes through the agent’s initial endowment stream

w,

B(g,w) = w'+ (W())
In view of (1’), agent 4’s most preferred consumption stream is the solution of the problem

(5) T’ = arg min{H 'l -z ||| 2° €w + <W((j)>}

and is thus the income stream in the budget set which lies closest to the agent’s ideal income stream

o'l . If 7% = 2¥ — W' denotes agent i’s net trade, then the problem (5) can be written as
7 = arg min {H N i L W(q—)>}

so that 7% is the vector in the closed subspace (W (q)) which lies closest to (a’l — w?)
(6) 7= Proj(W(q»(ail — w?)
and the utility of agent ¢ at equilibrium is

ul(z') = —% | afl — w? — Proj(W(q»(ail —wh) |2
By (4), this is the projection of a’l — w® onto the orthogonal complement (dual space) (W (q))*
) Wi (@) = — || Proj gy (a1 — o) |

i

Agent i begins with a “deficiency” a’l —w’ whose norm measures the loss of the agent at the initial

endowment w’, and ends up after trade with the shorter deficiency Pr0j<W(q)>J|_(a"1 —wh).
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The equilibrium price vector ¢ is determined by the market clearing equations for the securities,
Zle Z' = 0, which are equivalent to the market clearing equations for the good at every date-event
I (& — w') = 0, namely 37, 7 = 0. Thus setting the sum of the vectors in (6) equal to zero

gives the equilibrium condition

. , 1 4, 1L,
(8) PrOJ<W(q)>(a1—w)=0 with « :fZa,w:wa

Define m = a1l — w: this is just the vector of (instantaneous) marginal utilities of the average agent
with utility function u(z) = —1 || a1 — z || consuming the per-capita endowment w. By (8), the
vector of equilibrium prices § must be such that the market subspace (W (g)) is orthogonal® to
the average agent’s vector of node prices . This can be written as 7" AW (q) = 0, which implies

that each column of the matrix W (q) is orthogonal to 7: thus for j =1,...,J and for all 0y € &

9) —7(0) 0 p(oe) @ (o) + Z Vo p(a YR (6) = 0

o! EO’t

which shows that the equilibrium security prices are obtained from the implicit present value prices
(oy) = 8'p(oy)m(or), Vor €Y

Thus whatever the payoff structure or the number of securities traded — and in particular whether
markets are complete or incomplete — the prices of the securities are derived from the vector of
present-value prices II = A7, namely the vector of present values of the (instantaneous) marginal
utilities of consumption of the average agent at w. The recursive system of equations (9) has a
unique solution if we require that the price of each security at any node is equal to the present
value of its future dividends (its so-called fundamental value at this node). All other solutions
involve bubbles, and although equilibria with bubbles can exist for infinite-lived securities in zero
net supply (see Magill-Quinzii [27], Santos-Woodford [31]) we will not consider them here. We

derive the unique equilibrium of the economy £ in which each security is priced at its fundamental

value i.e. for each j =1,...,J and each o; € ¥ the equilibrium price is given by
] m(0t4r) W1G)
(10) gj(or) = _ 07 p(ot4r | Ut)WFj(UtJrr)d (0t4r)
T>1

where ho(]) = 7, F (O’t+1) =1, i ot+1 € O't and for 7 > 2, F (O’t+7—) = f](0t+1)fh ])(Jt+2)

frr=1(5) (0t+r), this latter expression being evaluated along the path from oy to oy4,. If, for some k,

5(8) is equivalent to al — w € (W (q))™.
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h¥(j) = 0 then by convention fjx (7)(0t+x+1) = 0 (i.e. the security matures at date t+k and delivers
nothing thereafter). For short-lived securities (h(j) = @) and infinitely-lived securities which do
not “shrink” over time (h(j) = j, fj(o¢) =1, V o), (10) is the standard present-value formula for

the price of a security.

Complete Markets. As a reference case we first calculate the consumption and utility of each
agent in an Arrow-Debreu equilibrium. This is the same as the consumption and utility of agents
in a financial market equilibrium in which at each node agents can trade at least S securities with
linearly independent payoffs at the immediate successors — a case that we refer to as “complete”
financial markets. In this case it can be shown that there is a unique vector (up to multiplication
by a scalar) 7 € ¢4 (%) which is orthogonal to all the columns of W(q), so that dim(W (g))* = 1
and agents choose their net trades 7% from the hyperplane [ 7, 7¢] = 0 (see Magill-Quinzii [26, ch.
4] for the T-period case, which is easily extended to the infinite-horizon case). When markets are
complete it is straightforward to derive an explicit solution for the equilibrium consumption and
utility levels of agents, since the projections of a’l — w® onto (W (q)) and (W (q))* are readily
found. Let

7l =a'l — W'
denote the vector of (instantaneous) marginal utilities of agent i at the initial endowment w®.

Proposition 1 (Complete Markets Equilibrium): The Arrow-Debreu equilibrium consump-

tion streams and utility levels of the agents are given by (i =1,...,1I).
: ; ; ; o || 7 |? —afnt,w] [ 7]
i) & = a4pl+b4ypw with a4, = Yy = ———
L [« =]
(ii) ulyp = — % 22—
AP 2w |?

Proof. Since dim(W(q))* = 1, by (8), the vector 7 is a basis for (W (q))*. The orthogonal

decomposition of ¥ can thus be written as
=" + 7 = 7% + N
which implies

[t w]

(11) A= T — N, 7 = (af — Aa)l — ' 4+ Xw

10
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By (6)7 jilD = wi +7Ti*7 and by (7)a uz;AD = _% H ﬁ-l ||2

and (ii). O

Substituting the expressions (11), gives (i)

Incomplete Markets. Although the Arrow-Debreu equilibrium is derived by assuming that the
financial markets are complete, such a rich array of securities is not necessary to achieve this Pareto
optimal allocation: all that is needed is that agents can trade from their initial endowment to a
consumption stream which is a combination of a sure income stream and the average endowment.
Whether or not such trades are achievable depends on the “span” of the markets from date 1 on.
To express such conditions we introduce the following notation. Let ¥ = ¥\{o(} denote the event

tree after date 0: for a stochastic income stream x € £5(%), let
r = (z(0¢),0¢ € Xy)

denote the associated income stream after date 0, obtained by deleting the date 0 component. The
space of after date 0 income streams R¥+ is endowed with the natural scalar product derived from

the scalar product on R*

[zr,y+] = > 0'p(ar)z(ar)y(or) = Aty
t>1

where A, is matrix obtained from A by deleting the first row. For simplicity we use the same

notation to denote the scalar product and norm on R* and R**. Finally let W (q), denote the
matrix obtained from W(q) by deleting the first row and let (W (q);) denote the smallest closed
subspace of £5(¥,) spanned by the columns of W(q),. In economic terms the difference between
(W(q)) and (W(q)+) is that the date 0 cost is not taken into account in (W(q)+) while it is in
(W(q)): we refer to (W (q)+) as the marketed subspace. For some cost at date 0 agents can have
access to all income streams in (W (q)4).

The Arrow-Debreu equilibrium allocation can be achieved under the following assumptions:
A1 (Diversifiable individual risks): wf"_ e W(@+), i=1,...,1
A2 (Perfect consumption smoothing): 1+ € (W(q)+)-

A1 is an assumption about the diversifiability (marketability) of the agents’ real individual risks; it
is satisfied if output is generated by a finite number of firms (whose production plans are taken as
fixed), if agents’ endowments consist of ownership shares of the firms, and if the equity contracts of
the firms are traded. A2 is normally viewed as an assumption on the bond market. In a two-period

model it is satisfied if there is a bond whose real payoff is constant across the states: this requires

11



2. Equilibrium of an Infinite Horizon CAPM Economy

either that the bond is indexed and that perfect indexation is possible, or that the bond is nominal
and that inflation is not variable (see Magill-Quinzii [28]). In a multiperiod model A2 is a stronger
assumption. For suppose that at each date-event there is a short-lived bond which gives one unit
of real purchasing power at each of the immediate successors. This still does not permit a constant
income stream over time to be achieved if the real interest rate is variable. For a portfolio strategy
on a short-lived bond which delivers income at every date requires that a part of the payoff of the
bond purchased at date ¢ be used to finance the purchase of the bond at date ¢ +1: when the price
of the bond varies across date-events, there is no portfolio strategy that delivers a constant income
stream across date-events. Thus not only the variability of inflation, but also the variability of the
real interest rate can lead to A2 being violated. Since there are even more reasons for dispensing
with assumption A2 in a multiperiod model, we will study the agents’ consumption and welfare in
an economy in which real individual risks are diversifiable (A1), but in which A2 is not necessarily
satisfied. If agents do not have access to the sure income stream, it seems natural that they will
seek to replace it by the least risky income stream in the marketed subspace (W ()4 ). This leads

to the following definition.

Definition The orthogonal projection of 14 onto (W (g)+) is called the least variable income
stream (LVI for short) in the marketed subspace, and is denoted by 7. Thus 7 is defined by the

orthogonal decomposition

(12) 1y =n+1, n€W(@+) 1€ W@

Proposition 2 (Incomplete Markets Equilibrium): If individual risks are diversifiable (A1),

then the equilibrium consumption streams and utility levels of the agents (i = 1,...,I) are given
by
N o d | mP—a ][] - el |7
(i) 2 =a’(1,n) + b'w with o' = ~ , b= —
|7 —a || 7 |2 |7 | —a || 7 |2
N N 2 Py a? : o a
Hxt) =u 1 th B = , Y= . —
@) @) = [1+ gy | with B= o = ey T

Proof. As in Proposition 1, the proof consists in calculating the projections 7% and #* of 7 onto
(W (q)) and (W (q))*. However since (W (q))* is now larger than a one dimensional space, the
calculation of the projections is more involved. We will compute the projections on (W (g)) and

(W (@))* by taking limits of projections on finite dimensional subspaces obtained by truncating

12



2. Equilibrium of an Infinite Horizon CAPM Economy

trade at date T', for ' =1, 2,.... For simplicity we omit ¢ when writing (W). Let (W), denote the
subspace of (W) obtained by using trading strategies which stop at date T i.e. z(oy) =0ift > T.
(W), lies in the subspace AT of £5*(X) consisting of vectors with zero co-ordinates after date T

let BT denote the complement in £5(X) consisting of vectors with zero co-ordinates up to date T
AT = {z e t5(D) | z(oy) =0if t > T}, BT ={z e t2(2) | z(0y) = 0if t < T}

Let AT and BT denote the associated subspaces of ¢5(X4). A vector z € ¢5(X) can be written
as ¢ = T, + o>, with . € AT and z~, € BT. AT is a finite dimensional subspace of dimension
N, where N, is the number of nodes up to date T (ie. N, =1+ S+ ...+ ST) and (W), is a
subspace of AT of maximum dimension (1 + S+ ...+ ST~1)J. The vector w* = a’1 — w? can be
decomposed as 7' = 7 + 7L 4+ where 7 is the projection of 7 (and also of ) onto (W), &%

is the orthogonal complement of 7T;* in AT and 7ri>T e BT. Thus
ﬂ';* = Proja,) (m?), 7”1'; + ﬂ'i>T = PI'Oj(W>J’1|: (m?)

Since (W), € (W),,, C ... C (W), T = 1,2,... is an increasing sequence of subspaces of (W),
and since (W) = Ur_,(W)_,

(13) Projw,y (7*) = Lm Projw,. (7%)

(see Lorch (1962, theorem 5.1)). To calculate '* it suffices to compute #%. To this end, consider
a basis {v1,...,vm} of the orthogonal complement of (W), in AT, which we denote by (W),

to differentiate it from (W)_, the orthogonal complement of (W), in (5 (%), where (W)L =
(W)j: @ BT. We need to find the coefficients (cy, ..., ¢y,) such that

T, = C1v1 + - .. + CmUnm

To find these coeflicients we use the property that W; — 7?; = m; is orthogonal to each v; i.e.

ﬂﬁ';,vj I = [[w;,vj || for 5 =1,...,m, namely
calvi,m1] + .4+ em[vmsv1]] = [7k, 0]
(14)
calfviom] + ...+ em[vmiom ] = [ 7"';v”m]]
Solving this system of m equations determines (ci,...,cp): a careful choice of basis for <W># will

simplify the calculation.
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Let W,. denote the finite matrix obtained by eliminating all but the first V. rows and (N, —ST)J
columns of W. Note that (W)

W.,.. Since the vector of present value prices I = A(al — w) is orthogonal to every column of W

o is isomorphic to the subspace of RNt spanned by the columns of
and since W has only zeros below the matrix W, it follows that II' W, = 0,T = 1,2,.... Since
IIp = o« — wp > 0, the first row of the matrix W, is a linear combination of its remaining rows:

thus rank W, = rank W, + <= dim (W,) = dim (W), so that
(15) dim(W): =1 + dim (W, )

Case 1: 14 ¢ (W,4). Then there exists T such that 1,70 ¢ (W), for T > T. Let
11, = np + Ny where n, = Proj(W+)T(1+T)7 Ny = Proj(W);:(l-i-T)' For T' > TaﬁT # 0. Let
{f;,e3,...,em} be an orthogonal basis for <W+># Since IIT W, = 7AW, = 0, 7, belongs to
(W) and since mg = a — wo > 0,7, and (0,7),) (respectively (0,¢;),j = 3,...,m) are linearly

independent. Thus in view of (15), the vectors

V1 = Tp, V2= (0777T)7 U3 = (0763)’~ -3 Um = (07em)

form a basis for (W) . With this basis, let us evaluate the inner products in (14): only a few
are non-zero, so the system of equations (14) can be simplified. [vi,v2] = a[1,,(0,7,)] —
[wgs (0,7,)] = a || Ay |I? since [ Ly (0,1p) ] = [Lpsiip ] = [g + Ay + s ] =I
e |12 and since Wi € (Wi)y = wi, € (Wi)y = [wy, (0,7,)] = 0. For j >
3, [vi,vj]] = af[14,,(0,e;) ]| + [[w;, (0,e5)]] = 0, [[v2,v;]] = 0 by the choice of {e3,...,emn}
and [vj,v;]] = 01if j/ > 3, j/ # j. For j > 3, the right-hand side [ 71';,’0_7' || of (14) satisfies
ﬂw;,vj I = ai[144,(0,€)] — [[w;,(O, e;)]] = 0 and since [vj,v;] # 0 the coefficients
3, ..., Cm are zero. Thus (14) reduces to the pair of equations in the coefficients (cf, c;) (recalling

that they depend on T')

ol I + cyalig P = [, 7]
crall i |2 +e lla 2 = o[, |2
with solution
(16) . [my,mp]l = oo |y | o o ||y | —a (w0,
ESEErAENE Imp 12 —a2 [, |2
Since

Tli—>rnoonT - Tli—I>noo Proj<VV+>T(1+) - PI‘Oj(W+>(1+) ="

14
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1y =0, + 7y + 15, implies limp_ oo (G +15,) = 14 —limp_ oo m, =1 —n = 7 and

since 15, —> 0 in EzA(E), limr_ ,o 7, = 7. By a similar argument, using

Th'r>noo = Th_r)noo Projiw,,_. (7*) = Projywy(m*) ==
= 7r;* + 7?; + 7ri>T and 7 = 7 + 7%, we deduce limp__,oo 7?; = 7. Since 71'; — 7w and
w, — 7, it follows from (16) that
- i Lmiml—aet 012 ol w ] —afrix]
- N N 9
|7 (12 —a? || 7 |2 71?2 —a || 9|2

and 7 = 7*— 7. Since the equilibrium consumption and utility level of agent i satisfy ¢ = w®+n**

and u'(z') = —1 || &' ||2, substituting from (17) gives (i) and (ii) of the proposition.

Case 2: 14 € (W_,). Let {e2,...,en} be an orthogonal basis for <W+># Then vy = 7, v =

(0,€2),...,vm = (0,€y,) is a basis for <WTL> Solving the system of equations (14) in this case, leads
i .
to c{ = %,CT =0, j=2,...,m, so that after taking limits, #* and 7* are given by (11).0
TrT

Explaining Equilibrium Consumption. The expressions for the coefficients (a’,b") in Propo-
sition 2, which determine the agents’ equilibrium consumption streams, are those that fall most
naturally out of the proof of the proposition and are useful for computation. There is however an
alternative way of writing these coefficients which brings out better the economic logic underlying
the agents’ equilibrium consumption streams. For ¢ = 1,..., I, define the variables

ot

(18) Yi=[mw'], Y=[mw], Bz:ma B =

By substituting the values of 7¢ and 7 it is easy to see that (a’,b’) can be expressed as the following

(o7

[ w]

functions of the variables in (18)

Y B o Y B (m 1] —alla|?) -1
Yo 2 —a? |9 |2 Y p([m 1] - q]?) -1

(19) al

The coefficients (af4 Ds bfA p) for the Arrow-Debreu equilibrium are obtained by setting 7 equal to 0.
Since I = A is the equilibrium vector of present value prices, llw? = 7TAw? = [[7,w?] =
matl

Y? is the present value of w’, namely the equilibrium wealth of agent i. The ratio Hl =
T ,w?

B[ 7, 1]], which measures the wealth required to purchase the ideal stream o'l relative to agent

i’s wealth, can be interpreted as a measure of the agent’s “ambition”. The more ambitious agent
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2. Equilibrium of an Infinite Horizon CAPM Economy

i is, the less curved is the indifference surface passing through w’, and thus the less curved are the

indifference surfaces in the relevant consumption region®

{z' e R® | M'z! < M'w?, w'(z') > ul(wh)}

Thus a high ambition is equivalent to a high level of risk tolerance and 8* = o'/[m,w'] is the
measure of the risk tolerance of agent ¢ which is natural in this model. Given the homogeneity of

the expressions (19) in Y?, the equilibrium consumption stream of agent i can be written as

(20 7 = - (a(8)(1,m) + b(F)uw)

where (a(f3%),b(3%)) are the expressions in (19) for the normalized wealth level Y = Y. It follows
from (20) that an agent’s risk tolerance 3* completely determines the relative weights of the agent’s
consumption stream on the LVI and the per-capita endowment. An agent who is less risk tolerant
than average (3" < () has a(3) > 0 and b(8") < 1, with a’ increasing and b’ decreasing in the
difference 3 — 3%: thus, since (1,7) is less variable than w, an agent who is less risk tolerant
than average has an equilibrium consumption stream which is less variable than the per-capita
endowment process. The inequalities are reversed for an agent who is more risk tolerant than
average, the increased variability being compensated by a higher average consumption (or more
accurately by a higher expected discounted consumption).”

To interpret the equilibrium utility levels (ii) in Proposition 2, note that || 7 ||=| 1 —n |
measures the distance of the LVI from the constant annuity 1,: it gives an average measure

(across all possible realizations) of the inability of the market to provide intertemporal consumption
172

|7 —a? || 7 |2 ‘

| 4 ||?, the equilibrium utility of any agent who differs from the average agent (y¢ # 0) is a

2.

smoothing. Since uY4,, < 0, and since the function is an increasing function of

decreasing function of || 7 Thus the greater the inability of the financial markets to provide

consumption smoothing, the smaller the welfare of the agents in equilibrium.

Ensuring Non-negative Consumption. The equilibria in Propositions 1 and 2 can be obtained
by projecting each agent’s vector a’l —w? onto the market subspace (W (q)), because two simplica-

tions are made in the definition of equilibrium. First, the non-negativity constraints on consumption

5We know, from the theory of incomplete markets, that the budget set B(q, wi) is a subset of the Arrow-Debreu
budget set {z' € R¥ | lz* < Mw'}. Thus agents’ choices need not be considered outside this set.

"This can be shown by evaluating the ratio of an agent’s expected discounted consumption to his wealth
EGQ2, txl)/Y' = [1,& ]/[ 7, w*]. This ratio is equal (after some calculations) to a fraction with a posi-
tive denominator and a numerator equal to: a(1+ || 7 ||?) 4+ B (]| w ||> (1+ || m ||?) — [1,w ]?). Since wy is in
W), [L,w] = [(1,n),w] and, by the Cauchy-Schwartz inequality, the coefficient of 3" is positive. Thus, for a
given wealth level, an agent’s average discounted consumption increases with his risk tolerance.
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are omitted, and second, the free disposal of income is not assumed, since there is a utility penalty
for consumption in excess of af. These simplifications are warranted if the resulting equilibrium
is such that the consumption streams are non-negative and do not exceed the ideal points of the
agents. We can deduce from Proposition 1 the set of parameter values (ai,wi)le for which the
equilibrium with complete markets satisfies these two requirements (namely 0 < :Z"QD(Ut) < ol
for all o4 € ¥ and all ¢ = 1,...,I): thus when markets are complete ensuring non-negative and
non-satiated consumption does not pose a problem (Proposition 3(i) below). When markets are
incomplete we can obtain an approximate result: for the equilibrium consumption stream #' of
agent i in Proposition 2 involves a component on (1,7), and the LVI 5 is close to 1 in the £5(%,)
norm, but this does not imply that 7(o;) is uniformly close to 1 for all oy € ¥ ; that is, the fact
that 3272, 6%p(0¢)(1 —n(0¢))? is small does not prevent n(o;) from being far from 1 for date-events
o for which p(o;) is small and/or ¢ is large. Thus bounds for 7(o;) can only be obtained for events
of sufficiently high probability which do not lie too far in the future. In Proposition 3 (ii) below we
obtain restrictions on the agents’ characteristics which ensure that with probability greater than
p the equilibrium consumption stream of each agent satisfies 0 < :Ei(at) < o for all dates t < T
the greater p and T, the smaller the admissible dispersion of agents’ characteristics. To state
this condition, note that all economies with the same average-agent characteristics (o, w) and the
same security structure D have the same equilibrium security prices ¢, the same market subspace
(W(q@)), and the same LVI 5. Let w! . = inf {w'(0y),0: € ¥} and w! = sup {w'(01),0: € B}

inf sup

Proposition 3 (Restrictions on Parameters): Let (a,w, D) be the average-agent characteris-
tics and security structure of an economy with o > w.,,. Let m = al —w and let n be the LVI. For
T >1andpc (0,1) define

(21) o Al
/T — I55T/2
5 = a(l+K) — Wayp 7 = a(l+ K) — Wine

(@ = wap)([m, 1] = || 7 [I> =&[[7,w]’ [m,wl(+k) = ([m 1] — a9 [*)w
(i) Let (A1, A2) be satisfied (so that f) = 0). If the agents’ characteristics (o, w®)]_, satisfy
%Zle al = a, % Zle w' = w and if the implied risk tolerance [3* of each agent satisfies ﬁo < fi <
BO, then the equilibrium consumption in Proposition 1 satisfies 0 < :E%D(at) < o for all oy € 3,

fori=1,...,1.

(ii) Let A1 be satisfied and let 7 # 0. If (T, p) are chosen so that a(1—k) > w,,, and if (o, w®)!_;
satisfy % le al = a, %Zle w' = w, én < B <, fori=1,...,I, then with probability greater
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2. Equilibrium of an Infinite Horizon CAPM Economy

than p the equilibrium consumption in Proposition 2 satisfies 0 < Z'(0}) < o' for all oy witht < T,

fori=1,...,1.

Proof. (see appendix).

Note that 8, = 1/[m,1]], so that with complete markets the condition o' > W', which implies
a’[m,1]] > [7,w"] is sufficient to ensure that z'(o¢) < o' for all o;. By depends on w;,; and is
equal to the risk tolerance of the average agent a/[[ w, w || if w;,e = 0: this is natural, since an agent
who is more risk tolerant than average takes more risk and has lower than average consumption in
unfavorable states. If the average (and aggregate) output is zero in the worst date-event, then any
agent who is more risk-tolerant than average will have negative consumption: in this case, negative
consumption can be avoided only if agents have the same risk tolerance. In typical economies
Wine > 0, so that there is room for differences in the risk tolerance of agents without violating the
non-negativity constraints. The allowable interval [Qn, B, for agents’ risk tolerance with incomplete
markets is smaller than the interval with complete markets [QO,BO}: furthermore, the greater the
incompleteness of markets as measured by || 7 ||? (i.e. the lack of consumption smoothing) and the
larger k (i.e. the probability and/or the length of time over which consumption is to be positive),
the smaller the allowable interval.

(ii) essentially asserts that with high probability the consumption of all agents is positive on the
first T periods: this implies that the equilibrium is a good approximation of a “true” equilibrium in
which default occurs with small probability and in which social arrangements exist (bankruptcy) for
sharing the losses incurred by default among the lenders. On the side of borrowers there are utility
penalties for bankruptcy, since the utility loss —%(ozi — x%(0¢))? increases if planned consumption
is negative. On the side of lenders, the payoffs of the securities should be corrected by the effect of
default for those date-events at which some borrowers have negative consumption. If these events
have small discounted probability §'p(o;), then the prices of the securities when appropriately
corrected for default will be close the prices g given by (10), and the linear map W(E]) in which the
prices and payoffs of the securities are appropriately corrected will be close to W (§) (in the ¢£(X)
norm). Then by continuity, the projection 7° of a’l — w® will be close to the net trade 7 given
in Proposition 2: in short, since bankruptcy only occurs for distant and/or low probability events,
agents plans would not be much affected if they in fact took into account the true consequences of
default by borrowers. The trading strategies of agents are shaped by the most likely scenarios on

the significant part [0, 7] of the future: much less weight is placed on events in the distant future

(T, 0), and on those of low probability within the immediate horizon [0, 7], even if they lead to
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2. Equilibrium of an Infinite Horizon CAPM Economy

bankruptcy. The projection technique thus leads to a concept of equilibrium which approximates
an equilibrium with bankruptcy, but in which the likelihood and consequences of bankruptcy for

agents is small.

Measuring Loss from Imperfect Consumption Smoothing. An Arrow-Debreu equilibrium
provides a natural measure of the maximum gain that each agent can obtain from trade: if u} =
u'(w?) denotes agent i’s utility with no trade, then ﬂf4 D~ ub measures the agent’s maximum gain
from trade. These gains will be achieved if the market structure is complete or well-adapted to the
characteristics of the economy (assumptions A1l and A2). If assumption A2 is not satisfied, the
market structure is imperfect and ' o
b = “faui) - “l(fl)
Uap — Uo

measures the proportion of the potential gains from trade for agent ¢ which are left unexploited at
the equilibrium, or more briefly, the unexploited gains from trade for agent i. Equivalently 1 — ¢
measures the proportion of the potential gains from trade captured by the given market structure.
Under assumption A1l the gains from trade for the agents in the economy come from two sources:
(i) the gains from diversifying (sharing) their individual risks; (ii) the gains from using the least
risky income stream 7y to adjust their share of the aggregate risk to their risk characteristic
measured by 3' = of/Ilw’. Tt is useful to think of the equilibrium as being reached in two steps:
w® — @*w — F'. The first step can be achieved by trading on the financial (equity) markets,
since w’ € (W) for all ¢ implies w; = %Zle w'y € (W,); furthermore §w satisfies the agent’s
budget constraints if 6 is chosen so that the present value of the agent’s income is unchanged:
[w® = II(#*w). This step generates the agent’s individual risk-sharing (or diversification) gain. In
the second step, agent i trades from #‘w to Z° = a’(1,n) + b'w, either reducing or increasing the
variability of his consumption stream relative to the variability of per-capita output w, depending
on his risk tolerance 5°. This second step generates what we may call the agent’s aggregate risk-
sharing gain: note that there are gains to trade at this second stage only if there is aggregate risk
(w4 is not collinear to 1), for otherwise all agents would already have achieved a riskless income
stream by sharing their individual risks and there would be no further gains from trade.

Under assumption A1l the gains from sharing individual risks are fully captured; the market
imperfection (14 € (W,)) only affects the agents’ ability to share aggregate risk. To measure
the impact of this imperfection it is natural to measure the unexploited gains in the second step,
assuming that there is aggregate risk and that agents’ endowments are collinear. The next proposi-

tion shows that with these assumptions ¢° is the same for all agents and leads to a natural measure
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of the loss due to this imperfection.

Proposition 4 (Unexploited Gains from Trade): In an economy in which there is aggregate
risk, if individual risks are diversifiable (A1) and if agents’ endowments are collinear (w* = 0w, i =
1,...,1I), then the unexploited gains from trade arising from the absence of perfect consumption
smoothing are the same for all agents, and are given by the increasing function

I |
|71 —a || 7 |2

[, w]?

12w |12 —[1,w]?

ol 0 1) = k(w)

where k(w) =

Proof: (see appendix)

In Section 4 the measure ¢ will be used to evaluate the relative benefits of trading with different

market structures.
3. Calculating the LVI in a Markov Economy

Proposition 2 gives an expression for the equilibrium of the economy &(u,w, D) in terms of the
LVI 5. In this section we show how 71 can be calculated when the exogenous shock process has a
recursive Markov structure. In so doing we show that in an economy with quadratic preferences
equilibria can be calculated with other assumptions on the stochastic processes than the linear au-
toregressive assumption used in the macroeconomic literature and in particular by Hansen-Sargent
[14]: a discrete state space Markovian assumption works equally well.

To model the exogenous shocks as a Markov process, let

K - [K(S7 S/)]s7s’:1,...,5

denote a transition matrix, where K(s,s’) > 0 is the probability that shock s’ occurs in the next
period, given that the current shock is s. The probability p defined in section 2 is thus assumed to

satisfy

p(0t+1 = (307 ) StJrl) ‘ Ot = (807 R 78t) ) = K(St, 3t+1)

so that the transition probability to state s;11 at date ¢ + 1 depends only on the current state s;.
The initial shock 3 is taken as exogenously given. Agents’ endowments, the dividends on securities

at date ¢, and the coefficients f(o;) in (2) are assumed to depend only on the current state

wi(Eo,...,st) = wi(st), & (S0,...,8) = dj(st) fj(s_(),...,st) = fj(st)
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Under these assumptions, it follows from (10) that the prices of the securities at date ¢ in the
infinite horizon economy depend only on the current state. Since in a Markov economy the basic
variables depend only on the current state, we can adopt a simpler notation. Let w’ denote agent

7’s endowment if the current state is s and let

denote the associated S-vector: the vector w' € R? is to be distinguished from the vector w? € R*
(written in boldface) which denotes the agent’s stochastic endowment over the whole event tree.

Similarly let
w = (wla"'awS)v qj: (Q{77qj,5')7 dj: (djlvvdfs’)v fJ = (ff??f,g’)

be the vectors denoting the S-possible values of per-capita output, and the price and dividend of
each security j = 1,...,J. The matrix of possible payoffs of the securities in the different states is
thus an S x J matrix

di + flat ... d{ + fldf
(22) R = : :

di+ flqy ... dl+ flqd

RJ denotes the jth column of R (the vector of payoffs of security j across the states), while R,

denotes the sth

row of R (payoffs of the J securities in state s). In the same way, ¢/ denotes
the vector of prices of security j across the states (and is considered as a column vector), while
gs = (ql,...,q/) denotes the prices of the J securities in state s (and is considered as a row vector).

By (9) the security prices are solutions of the stationary pricing equations

S
(23) (v —ws)gs = 0 Z K(s,s')(a —wg)Rg(7), s=1,...,8
s'=1
Let R denote the matrix in (22) evaluated with the equilibrium prices ¢ satisfying (23). We assume
that at these equilibrium prices there are no redundant securities, an assumption which is satisfied

generically if J < S and the dividend vectors of the securities are linearly independent.

A3 (No Redundant Securities): rank(R)=J

To calculate n we follow the strategy used in the proof of Proposition 2: first calculate 1, =

Projw, ) (1+), then take the limit when 7" — oo. The projection 7, of 11 onto (W(q)+)y
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(defined in the proof of Proposition 2) is obtained by finding the portfolio strategy z up to date
T — 1 which solves the problem

(24) min Y 8p(0r) (1 Rez(07) + Guz(o) s 2(or) =0
2R T-1 537\ 00

where N, , =1+ S +...+ ST~ is the number of date-events at which the components of z are
chosen and where p(o¢) = K (5o, 1) - .. K(st—1, s¢) for oy = (S0, ..., 8¢). If 2* is the solution of (24),
extended by setting z*(o¢) = 0 if ¢ > T, then the income stream 7, = W (q)+2* is the projection
of 1, onto (W (g)+ ), and the minimum value in (24) is equal to || 147 — 7, ||>=] 7, ||? (using
the notation introduced in the proof of Proposition 2). Even though R, and s, only depend on
the exogenous state s; at date ¢, the optimal choice z(o;) depends on the portfolio z(o; ) chosen
at the previous date ¢t — 1. Thus the optimal portfolio at date ¢ depends on three variables: the
portfolio inherited from the previous period, the current state and the number of periods to go
(T —t). Let VT (2, s) denote the value function
(25)

VT(z7 s) = min { Z §p(oy) (1 — Rg,z(0; ) + qstz(at))Q ‘z(ao_) =z,00=8,2(0) = 0}

JN
zeR7T—1 otEXT

which gives the minimum distance from 1 that can be achieved between date 0 and date T starting

in state s with an initial portfolio z. V7 (z,s) is a solution of the Bellman (functional) equation

S
(26) VT(z,5) = min {(1 —Rez+G2)*+6 Z K(s, s\ VI71(Z, s’)}
z’EIRJ s'=1
with boundary condition V9(z,s) = (1 — Rsz)2. The solution to the date 0 unconstrained problem

(24) can be derived from VI ~1(z, s) by optimizing over the choice of the initial portfolio 2o

S

(27) | Az I>= min 6 > K(50,5) VT (z0,5)
z0€R s=1

In view of (27), to find || #,. ||? it suffices to calculate the value function which solves (26).

Solution of Bellman Equation. A solution V7(-,s) of (26) must be a quadratic function of
z for each s = 1,...,S: since VO(-,s') is a quadratic function for all s’ = 1,...,S and since the
the FOC for the minimizing 2’ in the computation of V1(-,s) gives a linear relation between 2’
and z, substituting the resulting expression for 2’ leads to a quadratic expression for V!(-,s). By

backward induction this property is true for V7 (-, s).
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3. Calculating the LVI in a Markov Economy

The next proposition gives the recurrence equations which are satisfied by the coefficients of the
quadratic expression for V7 (-, s) and proves that they converge when T' — co. We use the following
notation: if & : § — R™orx : § — R™™ is a real-valued, vector-valued or matrix-valued function
on S i.e. a random scalar, vector or matrix, let Es;x denote the conditional expectation of x given

the current state s g

Esx = Z K(s,s)zy

s'=1
Proposition 5 (Value Function for the LVI): (i) For T' = 0,1,2,... the finite horizon value
function VT : R? x § —» R which is a solution of the Bellman equation (26) is given by the S

linear-quadratic functions
(28) VI(z,s) =al + 20T R,z + ¢I2"RIRyz, s=1,...,8
where the coefficients
(a0, c") = (o, b, cf, s=1,...,9) e R*®

are solutions of the system of difference equations, for s=1,...,5

al =14 0E,a" ! — (g + 6ED 1R)[GT )" HGs + 0EHTIR)T
(29) bl = —1+4Gs[GT ) 71(gs + 0BT 'R)T

ce =1-glGi N a

with initial condition (a2,b?,c?) = (1,—1,1) and where

(30) GT=' = q1q, + 6Esc"'R'R
EbR=> K(s,s\byRy, Esc" 'RTR=YK(s,s)c, 'Ry Ry
s=1 s'=1

(ii) The coefficients converge
(aT b7, ) — (a,b,¢,) as T — o0

and the resulting value function V' (z, s), defined by (28) with the coefficients (a, b, ¢), satisfies

S
(31) V(z,s) = min {(1 — Rz +qs2)?+6 Y K(s, V(2 s’)}
Z’ER s'=1

Proof (i) We prove by induction that the value function has the form given by (28) - (30). If ' = 0,

there is no choice of portfolio since there is no period which follows and V%(z,s) = (1 — Rs2)? so
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3. Calculating the LVI in a Markov Economy

that (a2,0%,c%) = (1,—1,1) for all s = 1,...,5. Suppose VI~! has the form (28); let us show

87781 Ss

that VT has the same form, with the coefficients (a”,b”,c?) given by (29)-(30) as functions of

(aTﬁl, b1, cTﬁl). The first order conditions for the minimizing problem

(32) VI(z,s) = min_ {(1 — Rz + Gs2')? + 6Es(a? 1 + 20T 1Rz + cT*Iz’TRTRz’)}
2eR

are given by the system of linear equations

(1 — Ryz + Gs2")ql + 0B *RT 4+ 6E, I 'R'R2' =0
If the matrix G ! defined by (30) is invertible, then the optimal portfolio is given by
(33) ¢ =—[GI Y1 - Re2)q; + SEb" 'R

Substituting (33) into (32) shows that the new coefficients (a”, b, c!) are given by the system of
equations (29).

To prove that GT~! is invertible for all T > 1, it suffices to prove by induction that ¢! > 0 for
all T > 0 and all s. For if ¢I' > 0, then

2TGT 2 = (Gs2)? + 0 XS: K(s,s)ch(Ry2)?
s'=1
is non-negative and equal to zero if and only if g2 =0 and Ryz =0V s’ =1,...,S. (Recall that
K(s,s') > 0 for all s, s'). Since, by A3, rank R = .J, Rz = 0 is possible only if z = 0. Thus G is
positive definite.

To prove by induction that ¢ > 0 for all T > 0, first note that ¢® = (1,...,1) > 0. Then
consider for all s = 1,...,5 and all T > 0 the functions g7 : (0, +oc) — R7*/ and ¢ : (0, 4+00) —
R defined by

92(0) = GG + 00E"R'R,  ¢L(0) =1 — Gs[gT ()] G
By the same reasoning as above, if ¢!’ > 0 and 0 > 0, g7 () is positive definite and ¢? (9) is well
defined. By (29), ¢! = ¢I'(1). Thus the property will be proved by induction if we show that
¢’ > 0 implies ¢ (1) >0 forall s =1,...,5. If ¢’ > 0, then the derivative

deT
do

(8) = @slgs (0)) (0B R'R][g; ()] 'q;

is positive for # > 0. Thus ¢! (1) > 0 can be deduced from the property



3. Calculating the LVI in a Markov Economy

which is a consequence of the following Lemma, proved in the Appendix
Lemma 6: Ifz € R,z #0 and A is a J x J positive definite symmetric matrix, then

lim z"[zz" 4+ 0A] lz =1
6—0+

To prove (ii), consider the function

at most a finite number of nodes

(31) V(zs) = inf{ S 6tp(or) (1 Ru(or) + qstz(0t>>2 z(oy) = 2,00 = s, 2(0¢) # 0 for }
ogtEX

(34) is the greatest lower bound of the (square of the) distances to 1 which can be attained by

trading at most at a finite number of nodes, when starting in state s with the inherited portfolio

z. Since all trading strategies which stop at date T' are admissible for V'

6T+1

1-§

V(z,s) = VI(z,8)+

Since the constraint that the portfolio be zero from date T on is less severe than the equivalent
constraint from date T — 1 on, the sequence T + V7 (z,s) + % is decreasing (for any fixed
(z,5s)). Since the sequence is bounded below, it converges and the limit is V'(z, s). For suppose not,
V(z,5) < limp_,o V7T(z,s), then there would be a trading strategy satisfying the constraints of
(34) — which can be considered as a trading strategy admissible for V7 for some T — which gives
a distance to 1 smaller than V7(z,s) + %, contradicting the definition of VZ. Finally, to show
that the coefficients (a”, b7, c) converge, note that by (28), V1(0,s) = al and since V7 converges,
al = a as T — oo. Similarly for Rgz = 1, 2b7 +¢f' — ag and for Rz = —1,-2bL +cI' —
Bs = ¢! — as+ B =cs, bf;,r — as — (s =bs as T — oo. It is easy to check that the limiting

S

function V (2, s) defined by (28) with (a”,b”,cT) = (a, b, c) satisfies (31). O

The function V' defines the minimum distance from 1 to (W (q)) which can be achieved if there
is an inherited portfolio z at date 0. When 14 is projected onto (W (q))+, there is no inherited
portfolio— the date 0 portfolio can be chosen freely. Thus || 7 || is given by the analog of (27) for

the infinite horizon problem

S
~ 12— . —
(35) ” n ” - man 4 Z K(SO’ S)V(ZO’ 3)

z0€ s=1
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4. Calibrating Infinite-Horizon CAPM

which is consistent with the result ) = limr_, 7, established in the proof of Proposition 2. Taking

the first order conditions for the minimization problem (35) leads to the the optimal date 0 portfolio

(36) 20 = — [Es,(cR"R)| ' E5,(bR")
Substituting (36) into (35) gives the following corollary of Proposition 5.

Corollary 7: || 7 |*>= 6<E§Oa—E§0(bR) [Ego(cRTR)]fl Ego(bRT)> where (a,b,c) are given by
Proposition 5(ii).

4. Calibrating Infinite-Horizon CAPM

In this section we report briefly on the equilibrium of the equity and bond markets generated
by a calibrated version of the infinite-horizon CAPM model fitted to postwar data for the US
economy. Agents’ individual risks are assumed to arise from ownership shares of firms whose
equity contracts are traded on the stock market: to simplify the calibration we assume that the
gains from diversifying individual risks have already been realized by trading equity contracts so
that each agent begins with an ownership share of aggregate output. The focus of the analysis is
then on how individual agents subsequently realign their portfolios to hold their desired optimal
proportions of equity and bonds.

To make growth of output compatible with quadratic preferences, we assume that aggregate
output satisfies a trend growth process with growth rate g and stochastic deviation from trend -,
where v is a three-state Markov process (vm,yam,vr) with associated transition matrix K. The
inflation rate i also satisfies a three-state Markov process (i, iy, %) with transition matrix Kj.

The economy is thus driven by a Markov process with nine states

S={s1,....,s0} = {(va,im), (var,inma), (Y5 0L), (Va1 im), - -5 (YL, i)}

If o+ = (s0,...,st) denotes the history up to date ¢ and if Y (o) and P(o) denote the aggregate

output and the money (dollar) price of one unit of the good respectively, then
(37) Y(ot) = Yo g"vs,, Plor) = Ploy)(1+1is,)

Again to simplify the calibration, we assume that the output and inflation processes are indepen-
dent: thus the transition matrix K for the combined output-inflation process defining the state of

the economy is given by K ((’ka i@)v (’Yk:’v if’)) = Ky(fWﬁ fYk’)Ki(igv if’)v where k? kl?&” € {H7 M, L}
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4. Calibrating Infinite-Horizon CAPM

The values of g,7v,i, K, and K; are obtained by calibrating to US data for the period 1959-1995
(Economic Report of the President, 1996):

1.04 0.786 0.214 0 0.1 0.7 0.3 0
g=1.023 v= 1 K,=] 0256 0.54 0204 [i= | 0.05 K;= | 0175 0.696 0.129
0.96 0 0.182 0.818 0.02 0 0.375 0.625

(38)

Since the scale of the economy grows by the factor g* we adjust agents’ utility functions to
reflect this change of scale®

u'(X')=E li §'(a'g" — XZ)Q]
t=0
with dg? < 1 (to ensure convergence of the sum), so that each agent’s ideal consumption level a’g?
grows at the growth rate of the economy.

The financial markets consist of equity and bonds. There is one equity contract whose dividend
stream is aggregate output, and each agent’ s initial endowment consists of a share of this contract:
w' =0, i =1,...,1. There are two nominal bonds representing the two extreme maturities, a
short-lived bond delivering one unit of money in the period after it is issued, and a consol promising
delivery of one unit of money for ever. When the budget equations (3) are written out for this
security structure, it is clear that the model (as it stands) is not a special case of the model
introduced in Sections 2 and 3: for the dividends of the bonds are expressed in nominal rather
than real terms, the dividends of the equity grow over time, and the rate of change of the bonds’
dividends rather that the dividends themselves satisfies the Markov assumption. Under a change
of variable explained in Appendix B the model reverts to being a special case of the model studied
in Sections 2 and 3 in which the dividends of the securities and the agents’ endowments are real,
bounded and Markov. This change of variable amounts to expressing the dividends of all securities
in real terms (purchasing power of money), factoring out growth, and shrinking the capital values
of the long-term bond by the factor? f, = 1/g(1 + is).

To determine the stationary prices of the securities using equations (23), the parameters § and
a= 21'1:1 o' /I need to be specified: these parameters are chosen so as to generate a “reasonable”
real interest rate and equity premium, with the additional proviso that the nominal interest rate
is positive even in the high-output low-inflation state. This leads to the choice § = 0.92, 5 =

892 = 0.963, o = 1.13wy (with wy = Yy/I). When growth is factored out, the consumption (equal

8We use capital letters to denote variables in the model with growth: a change of variable is needed to map the
model into the framework of Sections 2 and 3, and lower-case notation is used to denote the transformed variables.
9The factor f introduced in equation (2) of Section 2.

27



4. Calibrating Infinite-Horizon CAPM

to output) of the average agent varies between 1.04w, and .96w,: the above value of a implies a
coefficient of relative risk aversion between 5.6 and 11.5. The (implicit) real interest rate is then
—3% when ~ is high, 8% when ~ is medium and 11% when ~ is low, giving an average of 5.1%.
The equity premium, equal to the expected real rate of return on equity minus the real interest
rate, is 2% when ~ is high, 4.5% when v is medium and 1% when ~ is low, giving an average of
2.4%. As in the model of Mehra and Prescott [29] (with power utility) and in many later models
(see Kocherlakota [19]) the real interest rate is somewhat high and the equity premium low relative
to US historical levels. One of the realistic features of the calibrated model is the behavior of the
annual rates of return of the securities: because of the variability of the real interest rate, the
prices of both equity and bonds vary substantially despite the mild variability of their dividends.
The (annual) real rate of return on the short-term bond varies between -7% and 14.7%, the real
rate of return on equity varies between -24% and 47.3%, and the real rate of return on the consol
varies between -27% and 49.7%, duplicating at least approximately the historical data reported in
Ibbotson and Sinquefield [18].

Agents’ Portfolios of Equity and Bonds. Since one advantage of the infinite-horizon CAPM
model is that it yields explicit solutions to agents’ equilibrium consumption streams, trading strate-
gies and welfare, we focus attention on this aspect of the model and study the predicted behavior of
agents on the equity and bond markets, as well as the welfare consequences of inflation. Since equi-
libria are readily calculated for different security structures, in addition to the calibrated economy
described above, we report the outcomes for several alternative security structures with different
scenarios for inflation. This permits us to explore the robustness of the rather surprising result that,
in this model, the bond market is of marginal importance. For a reasonable interval of parameter
values the magnitudes of agents’ trades on the bond market relative to the equity market are very
small: indeed closing down the bond market altogether would cause only small welfare losses.

The four market structures that we consider are: (A) equity only, (B) equity and consol, (C)
equity and short bond, (D) equity, consol and short bond, and the inflation scenarios consist of
increasing levels of constant inflation (-2.2, 0, 6, 12 and 24 percent) and increasing levels of variable
inflation 1% (US inflation 4 in (38), 2i and 44). The average value!'! of ¢ (the measure of welfare loss

introduced in Proposition 4) is given in Table 1. The average proportion'? of the total value of the

%Tn each case the persistence of inflation summarized by the matrix K; in (38) is left unchanged.

"Since the norm || || and inner product [, ] appearing in the expression for ¢ in Proposition 4 depend on the state
s in which the economy starts out at date 0, we use the steady-state probabilities of the matrix K* = limp_, o0 K T
to evaluate the average value of ¢.

12The average proportions of the securities are obtained as a time average over a one thousand period realization
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4. Calibrating Infinite-Horizon CAPM

LVI portfolio invested in each security is shown in Table 2.

” Table 1: Percentage Unexploited Gains from Trade ”

constant inflation variable inflation
[ -22% | 0% | 6% [ 12% | 24% || Us [ 2xUs [ axus |
Al 213 |21.3]21.3|21.3|21.3 | 21.3| 21.3 21.3 equity only
B 0 0.06 | 0.07 | 0.08 [ 0.1 | 12.2 | 144 15.9 equity-consol
C - - 0.3 | 03 | 0.3 0.8 2 4.7 equity-bond
D - - 0 0 0 0.35 0.4 0.5 equity-consol-bond

” Table 2: Portfolio Proportions for Least Variable Income Stream ”

constant inflation variable inflation
| 22% | 0% | 6% | 12% | 24% || US [ 2xUS [ 4xUs |
A 100 100 | 100 | 100 | 100 | 100 100 100 equity
B 0 79.6 | 92 | 94.3 | 95.8 || 97.6 99 99 equity
100 20.4 8 5.7 4.2 2.4 1 1 consol
C - - 98 98 98 98 98 99 equity
- - 2 2 2 2 2 1 bond
- - 85 89.4 | 92.3 || 984 | 984 98.4 equity
D - - 17.7 1 139 | 11.9 || -1.1 -1.3 -1.6 consol
- - 2.7 -33 | -42 2.7 2.9 3.2 bond

The market structure A where equity is the only financial instrument is used as the reference
case. The payoff of equity is independent of inflation and depends only on the real shocks. The
LVI strategy z; defined by (33) and (36) depends on the previous period portfolio z;—; by a simple,
state-dependent, linear rule!3: after a certain amount is withdrawn for “consumption” (this gives
1), when the state is favorable (unfavorable) the holding of equity z; is increased (decreased),
remaining approximately unchanged in the medium state. Constructing the LVI reduces in essence
to a carryover problem:'* what is striking in this setting is how successful such a carryover strategy is

at creating a smooth consumption stream—repeated trading of equity permits 80% of the potential

of the Markov process defined by (38); the actual portfolio proportions lie within the bounds + 1% to £+ 2% of these
mean values.

131n state s the portfolio rule is z; = As2zi—1 — ps where (s, ) are (1.01, - 0.01), (1.002, -0.001) and (0.99, 0.01)
for s = H, M, L respectively. The three lines intersect the diagonal at the same point 2* = T—% = 0.885.

14Gee for example Gustafson [13], Schechtman [32], Yaari [35], Bewley [1].
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4. Calibrating Infinite-Horizon CAPM

gains from trade to be realized.

The extent to which adding a particular nominal security permits the remaining gains from
trade to be captured depends on how much closer it brings the LVI to the constant annuity 1: the
annuity 14 in the transformed economy corresponds to a stream which grows at the constant rate
g in the original economy. This stream can be achieved by the consol in the idealized case where
the monetary policy ensures that the purchasing power of money grows at the rate g, namely
when there is constant deflation at the rate i1 = —2.2%. In this case the ideal LVI, is achieved
by purchasing the consol at date 0 and keeping it for ever, and this permits the Arrow-Debreu
equilibrium to be achieved.!®

When there is inflation, the constant nominal dividend of the consol does not provide the
growth in purchasing power required by the LVI and repeated retrading is necessary. Generating
the LVI with the consol alone becomes impossible: for the real shocks to output imply that the
real interest rate varies, and this in turn leads to variations in the price of the consol. The same
is true of the (short) bond which would need to be constantly repurchased. Table 2 shows that
the solution to consumption smoothing does not lie in investing mainly in the nominal security
despite the constancy of its dividend: rather, it is better to invest in equity for growth and to
smooth the 4% variations up and down in its dividend by exploiting the differences in price changes
across the states between the equity and the bond. This strategy is very successful at creating a
smooth income stream as shown by the less than 1/10% (resp. 3/10%) unexploited gains for the
consol and bond respectively with constant inflation. Thus, as is familiar from other settings (see
Woodford [34]), a strict adherence to the Friedman rule!® of constant deflation is not essential,
what is important is that inflation should not be variable.

The consol is particularly vulnerable to variable inflation: with security structure B, more than
half the gains from trade vanish with the rather mild variability of US inflation. The effect is
much less marked with the short-term bond (structure C). Variable inflation has more impact on

the long-term bond because it creates variability both in its dividend and in its capital value (this

15This setting of constant deflation in which the consol acts as an ideal security is however strictly speaking not
within the framework of the model considered here, which assumes that the velocity of circulation is one. For in
the high output state the real rate of interest is negative (-3%): this would induce agents to hold onto some of their
money balances (earned from the sale of their endowment) as a store of value for use in the subsequent period and
this would reduce the velocity of circulation. Handling this case with variable velocity of circulation is somewhat
complex and we shall not enter into it here: for an analysis of this case see Magill-Quinzii [24]. Note that the same
problem arises in Table 2 for the cases of constant inflation of -2.2% and 0% for the security structures C and D
which involve the bond: the nominal interest rate cannot be negative if agents can carry money balances from one

period to the next.
63ee Friedman [11].
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4. Calibrating Infinite-Horizon CAPM

latter effect coming from the permanence in the transition matrix K;), while for the short bond it
only affects its dividend. This conforms with the observation that when inflation increases—and
typically this means that the variability of inflation increases — agents retreat from long-term to
short-term instruments.

The last row of Table 1 with security structure D illustrates the effectiveness of hedging: since
the payoffs of the consol and the bond are positively correlated, going short on the riskier security
(the bond with constant inflation or the consol with variable inflation) and long on the less risky
security creates a less risky income stream out of the two nominal securities: forming appropriate
proportions of this strategy and the purchase and sale of equity leads to the least risky security.
With constant inflation there are 3 states and 3 securities: the markets are complete, and all gains

from trade are realized.

The Bond Market Puzzle. In this model the most striking consequence of inflation lies not so
much in its effect on welfare, which is limited, as in its impact on the role of bonds, and especially
long-term bonds, as instruments for dynamically smoothing income. The proportion of both long
and short-term bonds in the portfolio of a typical investor falls rapidly as inflation increases and
becomes virtually negligible when inflation is variable. For example, the coefficient a* on the LVI

of the most risk-averse agent!'”

is approximately 0.6 in all market structures, and multiplying the
proportion of the nominal security in Table 2 by 0.6 gives a good approximation of the average
proportion of bonds in such an agent’ s optimal portfolio. Thus even in the most favorable setting of
constant (but non-negative) inflation the most risk-averse agent never has more than 13% invested
in the consol. As soon as inflation is variable—and in the real world positive inflation is typically
accompanied by variability of inflation—the proportion of bonds, whether long-term or short-term,
in the optimal portfolio falls dramatically to less than 2%.

Given that in the US economy the value of the private sector bond holdings exceeds the total
value of firms’ equity'® the small amount of trade on the bond market predicted by the model is
another “puzzle” of the equilibrium model with infinitely-lived agents, to be added to the equity
premium puzzle. For we conjecture that this “irrelevance” of the bond market will hold in most

equilibrium models with infinitely-lived agents and stationary shocks!?. For in these models risk-

17As explained in Section 2, the parameters of risk aversion of the agents need to be limited to avoid negative or
satiated consumption. In the calibrated model, we limit the risk-aversion parameters to 1.056 < o' / Olwy < 2.26.
These restrictions imply that, with probability 0.96, agents’ equilibrium consumption streams satisfy 0 < x*(0;) < o
for the first 100 periods (¢ < 100), for the most risky security structure A.

18See the Flow of Funds Accounts, Table 796 of the Statistical Abstract of the United States, 1998.

19We do not believe that the presence of idiosyncratic risks will importantly change the result, as long as the
risks are stationary: for such risks can be successfully smoothed by the same type of carryover strategies as those
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averse agents will seek a smooth consumption stream, while more risk-tolerant agents will seek
higher expected consumption at the cost of greater variability. In the infinite-horizon model the
“serious” risks on the security markets arise from the variability of the security prices, not the
variability of their dividends. As a result, growth and the shrinking value of the nominal payoffs of
bonds due to inflation give a substantial advantage to equity over bonds for consumption smoothing;:
with equity, a basic “buy and hold” strategy with limited subsequent retrading to smoothe the
dividends—that is, a carryover strategy combined with some hedging in bonds—leads to excellent
consumption smoothing. Except in the unrealistic case of constant deflation such a “buy and hold”
strategy cannot work with bonds: to create a growing consumption stream with bonds requires
frequent trading either because the bonds mature or because their dividends shrink in value.

The intuition derived from the two-period model that risk-averse agents invest a a significant
part of their portfolios in bonds while risk-tolerant agents borrow on the bond market to invest in
equity is not supported by the infinite-horizon model. In this latter model the difference between
risk-averse agents and risk-tolerant agents is that risk-averse agents buy equity “high” and sell “low”
to smoothe their consumption, while risk-tolerant agents buy “low” and sell “high” to achieve higher

expected consumption.
Appendix A.

Proof of Proposition 3. Since (i) is readily deduced from (ii), it suffices to prove (ii). || 7 ||? =
55 oo — (o) =

19 17 > X oesii<t, 1-n(on|sn} 6 P(01)(1 = n(ot))?
T
2 K20 Z{O’TGET |[1—n(ot)|>~ for some node on the path [o9,07]} p(or)

which implies
| 9 112> &26TP (|1 —n¢|> &k for some t < T')

where P denotes the probability that a set of paths of ¥ satisfy a given condition. Thus if (7T, p)
are fixed and & is given by (21), then

P(|1 —n(o¢)| > Kk forsome t <T) <1—p <= [P(|1—n(at)\§f@, VtST) >p

Thus with probability greater than p, 1 —x < (o) <1+k, Vt < T.

underlying the construction of the LVI with only equity.
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Upper bound on 3. a‘n(oy) + b'w(oy) >0
(o | 7 |2 —a [, 7 ]l) non) + ([«', 7] — aa’ || 4 |2) w(er) > 0
— [ - o'w + aw’, w||n(or) + <[[ai1 — W] —ad || § ||2) w(ot) >0
= o ([mwln(e) — ([m 1]~ o || [w(er) < [rw J(n(or) - wlo)
Since we have assumed that (p,T) are chosen so that a(l — k) > w,,,, when n(oy) > 1 — k, the

right side is positive. If the coefficient of o is negative then the inequality is satisfied. Thus when

n(oy) > 1 — kK, % (o3) > 0 is equivalent to

; an(oy) —w(oy)
P < Tralnton) — ([m 11— a 417 wlor)

for all oy such that the denominator is positive. Consider the function

ay —x
[rwly—{[m1]—allql?)e

Computing the partial derivatives gives

flz,y) =

sign (1) = sign (alm 1= [mwl—a® 1912)y

sign (|| 7|12 —a? |7 [?)y = sign(y)

and sign (g—;) = -sign (), since® || 7 |2 —a? || 7 [|>> 0. Thus if £ € [Wins, Weup) and y € [1— &, 1+ K]
then the minimum of f(x,y) is attained for (z,y) = (Wi, 1 + k).

Lower bound on B'. a'n(oy) + bw(oy) < af
= (|| 7 [* —all 7, 7)) n(ow) + ([, 7] — aa’ | 7 [|2) w(or) <o (| = |2 —a? | 4 |?)
o ((a—w(e)([m 1] —a |7 + [mwlme:) - 1)) > [7,w] (en(or) — (o))

after some calculation. The coefficient of o can be written as

a[m 1] —a || i |? —[mw] —w(o) ([m 1] —a |l 4 |?) + (o) [ m w]

and is larger than (|| 7 |2 —a2 || / [|2)(1 — w(oy))/a) since n(ot) > w(ot)/a, and is thus positive.
Thus a’n(o;) + blw (o) < o for all oy is equivalent to
g an(or) — w(o)
(a —w(ay)) ([, 1]] —al[q]?) +[mw](nlo) —1)
*By Pythagoras theorem, || 7 ||*=[| al —w ||*=[| a(1,1) + a(0,7) —w |*=] a(l,n) —w |[|* +a® | 7 [|*> ® || 9 ||*.
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for all ;. Studying the partial derivatives of the function

(2,9) ay —x
g\z,y) = =
(=) ([m, 1] —a 9 [?)+ [mwl(y—1)

shows that if € [Wi., W] and y € [1 — k,1 + k| then the maximum of g(z,y) is attained for

(@,y) = (Wap, 1 + K). O
) 1 ) . o

Proof of Proposition 4. Substituting uf = —3 | 7 ||* and the expressions for u’y,, and u’(z)

in Propositions 1 and 2 gives

o = (o || 7 |* —af =, ])? 4 12 g I 112
(R R R E . o e /A 7[> —a2 |9 |

We want to show that k! is independent of i. Define &' by a'" = o' then

- @ || ol —w |2 —a[[@1 —w, al —w])”

C@l-w P el -w|? - [@1-w, al-w]

Developing the terms in the numerator and denominator and assuming o — &' # 0, the term
(a — a@%)? can be factored out and the expression for k% reduces to

i_ [, w]*

TP ) - L w ]

i=1,...,1

For an agent with the average characteristics (w? = w/I, o' = a/I) 8" = 1/I so that & = «: thus
¢' is not defined and must be understood as the limit of ¢’ when a&* — a/I. Note also that k'
and hence ¢’ is not well-defined when there is no aggregate risk, since in this case the denominator

of k' is zero. O

Proof of Lemma 6. The proof consists in computing the expression z"[zz" + §A] 'z and letting
§ — 0. To find the matrix inverse we begin by computing det[zzT + 6 A]. Let A’ denote the jth
column of A (j =1,...,J) and note that the jth column of zz" is zz;. Develop det[za™ 4 0A] as
a polynominal of order J in 6 using the multilinearity of the determinant

J
det[za” +0a] = > a;0” = det[zzy + 0A', zxa+0A%, ... zxs + OA’]
=0

ay=detA, aj_1 = 237:1 det[AL, ... AJ=L gx; AT . AY], a; = 0if j < J — 2, since at least

two vectors of the form xzx;,zx; are linearly dependent. Thus

J
det[za” + 0A] = (det A)07 + Y det[A!,... AT qa;, AT AT107]
j=1
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Note that the coefficient of #/~! is non-zero: for the coefficient to be zero, x would have to belong
to the intersection of all the J — 1 dimensional subspaces generated by J — 1 vectors from the basis
{A',..., A7} and this intersection is the zero vector, contradicting = # 0. For a matrix B, let
cof (B) denote the matrix of cofactors of B. We need to compute cof (zz" + §A). (Note that we do
not need to take the transpose of zz" + 6 A to compute the inverse, since A is symmetric.). Let CZ

denote the cofactor corresponding to column j and row ¢ of (xax™ + §A), then

J J
x'cof(zx’ + 0A)x = Z Z T0C,
=1j=1
J J . .
= Z Z zjxedet[za; + gAL, ... LT + AT ey, TTi1 + AT zxy+0AY)
1=1j=1

where ey is the column vector with 1 in row ¢ and zero elsewhere. Summing over ¢ with j fixed
gives

J
Z zjdet[za; + 0AL, . .. X1 + A L, T + QAL zay 4+ HAY]
j=1

J
Z det[zz; + AL, ... i1 + A L, T, TTj41 + QAT zxy+0A7]
j=1

J—-1
= aj_19

Thus since aj_1 # 0,

J-1
aj_19

aJ_10J—1 + GJQJ

o' zx” + 0A] e = —lasf—0

Appendix B

Transforming the Calibrated Economy to an Economy Satisfying the Assumptions of
Sections 2 and 3. Let (Qy(0t), Qc(0t), Qp(0t)) denote the money price of the equity, consol and

short bond respectively at node o;. Agent i’s budget equation at node o; can be written as

P(o)(X'(01) —w'(01)) = (P(or)Y (1) + Qy(01)) Zy (0 ) + (1 + Qclor)) Zi(oy ) + Zi(oy )
_Qy(o't)zgj(o't) - Qc(o't)Zg(O't) - Qb(Ut)Zg(Ut)

(B.1)
where (Zé, Z, Zf;) denote the portfolio holdings of the equity, consol, and short bond respectively.
When the market structure is restricted to a subset of the securities, then the corresponding com-

ponent of the portfolio is set equal to zero: thus if there is only trade in equity, we set Z! = Zg =0,
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or if there is only trade in the equity and consol, then Zg = (0. This budget equation differs from
the budget equation of a standard cash-in-advance model (Lucas[23]) in that at node o; the agent
can spend the value of the current endowment P(o;)w’(0;) rather than the value of the endowment
at the predecessor P(o; )w'(o; ). It is compatible with the transaction technology introduced in
Magill-Quinzii [24], [26]: money circulates in exchange for goods within periods, but is held in
coffers of a “Central Exchange” across periods. This approach factors out the seignorage tax on
money balances, focusing instead on the effects of inflation on the real payoffs of nominal securities.
To revert to the model of Sections 2 and 3, which is a real model without growth, we need to
divide by the price level P(o;) and factor out growth by dividing by ¢*. Let v(s;) = 1/P(0;) denote
the purchasing power of money (ppm) and let ny = 1/(1 4 i5) denote the loss of value of the ppm
in state s. The inflation process in (37) can be written as an equivalent process for the ppm: if
ot = (S0,...,5¢) then v(oy) = v(o; )ns,. Given that it is the rate of decrease of the ppm which
is Markov and not the ppm itself (which is the real value of the bonds’ dividends), an additional
transformation is needed to map the economy into a Markov economy: it is based on the idea that
it is equivalent to invest in a security which costs ¢ and gives a payoff of R or to invest in a security
which costs Aq and has the payoff AR, since it suffices to divide the amount invested in the security
by A. Using this observation, we may replace a nominal security which costs Q (o) units of money
(e.g. the consol with price Q.(0¢)) by a security which costs Q(o) growth-factored units of the
good. This amounts to multiplying the nominal price of the security by A = ¢g*/v(0y). The nominal
payoff of the new security at date ¢+ 1 must be A(1+ @Q(o¢)) and its real value in the rescaled units

1S

v(o111) l (14 Qo))

= % (1+Q(o1))

g+t | v(oy)
This leads to the change of variable
Pl =T e =z, st = Dz, sifon = “5 i)
wlo) = 220,00, alon = Qo aen) = Qulon)
in terms of which the budget equation (B.1) becomes
(01) = 0¥0vs, = (Yors, + ay(00)2h(07) + (2 + 22qe(0n) ) 2i(07) + 2t2i(07)

i (B.2)

—qy(01)2,(01) — qe(01) 2(0e) — av(01) g (o)
In these new variables, agent i’s maximum problem consists in finding a portfolio strategy 2! =

i i i . . .
(2y, Ze; 25) Which maximizes

E lz oot — x§)2] , 6=20g"
=0
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subject to the budget equations (B.2) and the transversality condition (TR): thus the analysis of

Section 2 applies. Moreover in these variables, the payoffs of the securities satisfy the Markov

assumption of Section 3: the dividends of the equity contract and the bonds (Yy7ys, and ng, /g

respectively) depend only on the current state, and the consol ”shrinks” by the factor f¢(o¢) = ns, /g

each period.
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